Kondo Resonance in a Mesoscopic Ring Coupled to a Quantum Dot: 
Exact Results for the Aharonov-Bohm-Casher Effects 
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We study the persistent currents induced by both the Aharonov-Bohm and Aharonov-Casher effects 
in a one-dimensional mesoscopic ring coupled to a side-branch quantum dot at Kondo resonance. 
For privileged values of the Aharonov-Bohm-Casher fluxes, the problem can be mapped onto an 
integrable model, exactly solvable by a Bethe ansatz. In the case of a pure magnetic Aharonov- 
Bohm flux, we find that the presence of the quantum dot has no effect on the persistent current. In 
contrast, the Kondo resonance interferes with the spin-dependent Aharonov-Casher effect to induce 
a current which, in the strong-coupling limit, is independent of the number of electrons in the ring. 



PACS numbers: 72.15.Qm, 73.23.Hk, 85.35.Be 

The Kondo effect — where the interaction between a lo- 
cal spin and free electrons produces a strongly-correlated 
state below a characteristic temperature Tk — has be- 
come one of the paradigms in the study of correlated elec- 
tron behavior jj| . In a recent experimental breakthrough 
0, a tunable Kondo effect was observed in ultra small 
semiconductor quantum dots connected capacitively to a 
gate and via tunnel junctions to electrodes. By sweeping 
the gate voltage, the dot's highest spin-degenerate level 
ed can be tuned relative to the chemical potential jj, of 
the leads. This level is occupied by a single electron when 
£d < H - r<£, with T d = 27rJ]fc \Vk\ 2 5(e d - e fe ) the one- 
particle resonance width of the dot, and Vk the tunneling 
matrix elements through the junction barriers. Below a 
temperature Tk ~ exp(— n\fi — e<i\/^d) the resulting free 
spin on the dot forms a singlet with the electron spins 
in the leads via virtual co-tunneling processes. A fin- 
gerprint of this strongly correlated state is the dramatic 
enhancement of the local spectral density at the Fermi 
level. As predicted theoretically and as seen in the 
experiments H, this makes the dot transparent to elec- 
tron transport when T <C Tk- 

An interesting problem is how the persistent current 
(PC) of a multiply connected system coupled to a quan- 
tum dot is affected by a Kondo resonance. A PC is 
the equilibrium response J5p|7| to a magnetic Aharonov- 
Bohm (AB) flux H and/or an Aharonov-Casher "flux" 
H of a charged wire piercing the system. In contrast 
to ordinary (noncquilibrium) currents, as measured in 
the experiments referred to above, a PC requires for its 
existence that an electron maintains its phase coherence 
while circling the ring, and should thus be sensitive to 
scattering in the quantum dot [To| . The PC of a one- 
dimensional (ID) ring coupled to a quantum dot was 
previously investigated by Biittiker and one of the au- 
thors [jnj, considering two different topologies: one in 
which the electron had to tunnel through the quantum 



dot in order to encircle the flux (embedded dot), and one 
in which an intact ring was coupled via a tunnel barrier 
to an adjacent quantum dot (sidebranch dot). However, 
in Ref. [jllj], the energy level spacing S in the mesoscopic 
ring was taken to be much greater than Tk, so that al- 
though a singlet state was formed between the electron 
on the dot and those within the ring, this state had more 
in common with a (two-body) chemical bond than with 
a true (many-body) Kondo resonance: the finite-size ef- 
fects implied by S 3> Tk here suppress the Kondo effect. 

Recently, the problem of a ring with an embedded 
quantum dot has been revisited by a number of authors 
p2| p"4] |, and the Kondo scaling with 5 has been investi- 
gated |L3|. Based on a cluster calculation in the grand 
canonical ensemble, Ferrari et al. |Q claim that the PC is 
strongly enhanced by the Kondo effect, scaling as L^ 1 ! 2 
when S > Tk (this includes the regime studied in Ref. 
pT| , where no appreciable enhancement was found). In 
contrast, using a variational approach, Kang and Shin 
|l3| find that the Kondo-assisted PC is comparable to 
that of a perfect ring for an even number of electrons, 
and strongly suppressed for an odd number of electrons. 
Other related results have also been obtained |]l^ , |l5| . 
Clearly, the situation calls for a more definitive analysis 
to clarify the underlying physics of this class of problems. 

In this Letter, we investigate the PC in a ID meso- 
scopic ring coupled via tunneling to a sidebranch quan- 
tum dot in the Kondo regime, with 5 < Tk (opposite to 
the limit 5 ^> Tk considered in ) . We exploit the fact 
that the PC to leading order in 1/L effectively involves 
only processes close to the Fermi level [ ^fj|Jl~^ ]: In a ID 
ring, the system responds to the AB and/or AC fluxes 
by virtually creating and annihilating states at the left 
and right Fermi points, and this leads to a change in the 
energy on a mesoscopic scale, producing a PC. Since the 
coupling to the dot via the Kondo exchange influences 
only states at the Fermi level, this allows us to construct 
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an effective model valid in the neighborhood of the Fermi 
points. The model turns out to be exactly solvable for 
a discrete set of values of the AB and/or AC fluxes, for 
which we can calculate the PC exactly. Via adiabatic con- 
tinuation, we conclude that the AB PC is insensitive to 
the presence of the quantum dot for any weak AB flux, 
thus extending the result found in |ll[] into the Kondo 
regime. In contrast, with an AC flux we find that the 
Kondo resonance produces an imbalance between right - 
and left moving charge carriers, leading to a net AC PC. 

A quantum dot connected to a ID electron reservoir (in 
our case, a mesoscopic ring) is conventionally described 
by the Anderson impurity model Mm : 



H 



E 



edd f a d a - 



-Un^ni+^e k cl a c ka + (Vkcl a d a +E..c.), 



where d\ creates an electron on the dot with spin a, 
creates an electron of energy e k in the ring, and n a — 
d^da. Here we consider only a single spin-degenerate 
level ed within the quantum dot. We shall take the charg- 
ing energy U — > oo, as is appropriate for quantum dots 
where U ~ 1 meV and r d ~ 1 - lO^eV JT|]. 

When Ed <C ^ — ^a, the dot is singly occupied, i.e., 
^ n (44) = 1, and the Anderson model can be mapped 
onto a Kondo Hamiltonian via a Schrieffer- Wolff transfor- 
mation M. To have a faithful representation we require 
that 5 < Tk, which ensures a finite DOS at the Fermi 
level and hence a fully developed Kondo resonance Jl9| . 
Passing to a real-space continuum description, we obtain 



H = 



2m, 



f L dx^ a {x)d 2 Mx) 

r, JO 



ot,0 
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where the antiferromagnetic spin exchange takes the 
value A ~ |Vfc F | 2 /|ed| (with the chemical potential fj, 
taken as the zero of energy), L is the circumference of 
the ring, S is the spin- 1/2 operator of the electron in 
the dot (located at a; = 0), and ip a (x) is an electron 
field with spin index a = ±1. Next, we thread the ring 
with a magnetic flux <i>, producing an Aharonov-Bohm 
effect j8|. In addition, to probe the spin- dependent equi- 
librium response of the system, we pierce the ring with 
a charged wire of charge r per unit length. This will 
cause an Aharonov-Casher effect ||] driven by the rel- 
ativistic spin-orbit interaction due to the electric field 
from the wire. The quantum phases from the combined 
Aharonov-Bohm-Casher (ABC) effects can be encoded, 
via a gauge transformation ||, in the twisted boundary 
conditions ip a (L) = e l ^ c "ip a (0), where 



$ T 

To 



a 



±1. 



(2) 



Here $0 = he /e is the elementary magnetic flux quantum 
and To = he J 'fx e its electromagnetic dual, fi e being the 
electron magnetic moment. 

Since the essential physics is confined to a small region 
around the left and right Fermi points, we can linearize 
the spectrum around ±kp |l7],[ll|, and introduce left (I) 
and right (r) moving chiral fields: 



i>i, a (x)+e^ x ^ a (x) 



(3) 



Furthermore we introduce a basis of definite parity fields 
( Weyl basis) : 

■0c/°,a( X ) = 4| (VY,a(±£) ± ^l, a (Tx)) , (4) 

with ip e an even-parity, right-moving electron field, and 
tf) a an odd-parity, left-moving field. In the Weyl basis, 
the linearized Hamiltonian takes the form H = Hq M + 
ff cvcn + fff™, where 



i/odd 



V f 

J dx ^l/o, a ( X ) W ^/o,a( X ) ( 5 ) 




describe free Dirac electrons with velocity v-p, and the 
impurity contribution is diagonal in the channel index: 

#i c „? p n = A ]T ^tjo^Ve./KO) • S. (6) 

We recognize H% cn = H$ vcn + H™™ as the chiral Hamil- 
tonian of the spin- 1/2 Kondo model §. 

While the even and odd parity channels are decoupled 
in the Hamiltonian, they become connected again by the 
twisted boundary conditions: 

COS0 Q isin0 Q \ / ^e,a(0) 
-ismcj) a cos0 Q / \-0o, a (O) 

where in (||) we have taken kp — (2n /L)n, with n an 
integer. At the special values <f> a = / Q 7r, with f a an in- 
teger, however, this matrix reduces to a multiple of the 
unit matrix, and the even and odd parity states decouple 
from each other entirely. For the corresponding values of 
the ABC fluxes, the model becomes integrable and H^ cn 
can be solved by a Bethe ansatz |2C|| . Thus, our origi- 
nal problem has been mapped onto an exactly solvable 
problem consisting of a left-moving odd-parity branch of 
free Dirac electrons, together with a (decoupled) right- 
moving even-parity branch, described by an integrable 
ID Kondo model. 

Having constructed an effective model valid near the 
Fermi level, we need to properly define the (charge) PC of 
the system using only Fermi level properties. This can be 
done as follows: We introduce the excess numbers AN r /i 
of particles (holes) on the right /left dispersion branches 
due to the Aharonov-Bohm-Casher fluxes: 
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AN, 



r/l\ 



l(|*J,F(0)|,fcr,F(0))], 



with k r /i Y flux-dependent momenta associated with the 
highest occupied level on the respective branch. (For 
free electrons, fc r /; p = [±27m r / ; max + <f> a ]/L). This cor- 
rectly accounts for the average number of surplus current- 
carrying particles (AN r /i > 0) and holes (AiV r /; < 0) 
due to the fluxes when the total particle number N is 
fixed and hence the chemical potential is free to vary be- 
tween the highest occupied and lowest unoccupied levels. 
Since the charge velocity v-p is unrenormalized by inter- 
actions in this model ppf , each current-carrying state 
contributes with ±cvf/L to /($, r) (with the sign deter- 
mined by the branch r/l and the sign of (pa), and we thus 
obtain 



/(<D, r ) = --|- J2 (AN r (ct> a ) - ANM). (7) 

ct=±l 

When the total number N of electrons in the ring is even 
(which, for simplicity, is the case we shall focus on below), 
we still have to distinguish two cases: When N — An + 2, 
with n an integer, Av,f(0) — \kif(Q)\, while for N = An 
the lifting of the groundstate degeneracy due to the flux 
in this case implies that k r ,F(0±) = |^/,f(0±)| T 2tt/L 
in the limit <p a — > 0±. This leads to the well-known 
parity effect [|[l7j^] (here for an even number of spinful 
electrons), as is easily verified from (Q). 

Given ([?]), the problem is now reduced to calculating 
how the excess numbers depend on the ABC fluxes in the 
presence of a Kondo dot. To do this, we apply the tech- 
niques of the Bethe ansatz for finite systems, developed 
previously for the ID Hubbard model (2^]. As we have 
already noted, our model is integrable for <f> a = / a 7r, with 
f a an integer. The nested Bethe ansatz equations (BAE) 
which diagonalize H in this case are 



Lk n , = -2nni + f c n + 



2M Q \ 2tt^ 



A I,, 



Lk nr = 2nn r + fin + Y^ [0(2A 1 - 2) - tt] 



A o 0(2A 7 -2)+0(2A 7 ) = 2 7 r/ 7 + (/ T -/ i )7r+^(A 7 -A 5 ), 

5=1 

where k ni are the pseudomomenta characterizing the N Q 
odd-parity left movers which decouple from the impurity, 
M Q of which have spin down, and k Ur are pseudomomenta 
characterizing the N e even-parity right movers, with M c 
counting the number of down spins in this sector. The 
quantum numbers n;,n r ,Xy and J$ specifying the state 
take integer or half-odd integer values depending on the 



values of M / o and N e / a , while {A 7 , 7 = 1, . . . , M } are 
a set of auxiliary variables known as spin-rapidities. The 
scattering phase shifts are given by 0(x) = 2tan _1 (a;/c), 
with c = 2A/(1 — 3A 2 /4) playing the role of an effective 
coupling constant. We have also defined / C)S = (/j ± 
fl)/2. The first BAE simply gives the quantum numbers 
of free, chiral electrons, written in the Bethe ansatz basis. 
The second BAE describes the charge degrees of freedom 
in the even channel (holons), while the third describes the 
spin degrees of freedom in the even channel (spinons). 

Consider first the case where only a magnetic flux 
threads the ring, with a spin-independent integrable AB 
phase f] = fi = f ■ To be explicit, we choose N = in + 2 
with M c / = (JV e / ±l)/2, where iV c = N Q . For this case, 
the groundstate is characterized by integer-spaced quan- 
tum numbers {ni, J$,n r , J 7 } in the symmetric ranges 
— (N - l)/2 < m < (N - l)/2, -(M - l)/2 < 
J s < (M - l)/2, —(N e - l)/2 < n r < (N c - l)/2, 
and -(M e - l)/2 < 7 7 < (M e - l)/2. Once a set of 
spin rapidities A 7 is given, the momenta k nr are deter- 
mined, and the excess numbers on the right and left 
branches can be derived. With f c — f and f s = 0, it 
becomes immediately clear from the BAE that the total 
scattering phase shift from the dot is independent of /, 
and we thus obtain that AN r (f) = -AN t (f) = f/2. 
For an even number of electrons, the sum in (Q) can 
be written as 2(AN r (f c ,f s ) - AA/(/ c ,/ s )), and we ob- 
tain /($, 0) = — (4ev F /L)($/$ ) at the integrable points 
$/$o = f/2- This is the same PC as that for an 
ideal ring of free electrons. The analogous analysis for 
N = in, N = An + 1 and N = 4n + 3 reveals that for all 
cases the AB PC is unaffected by the Kondo resonance 
at the integrable points < J'/ ( f ) o = f/2. 

It should be pointed out that the PC we have calcu- 
lated is the current carried by the state which evolves 
adiabatically from the ground state at $ = as $ is 
turned on. Generically, there may be one or more level 
crossings J22| between f — and / = 1, so that this 
state may not be the absolute ground state at e.g. / = 1. 
Notwithstanding this proviso, it is clear from the fol- 
lowing argument that the above result for /(<&, 0) must 
hold for small values of &/$o: By symmetry, the PC 
is an odd function of $ and is analytic, except at val- 
ues of $ corresponding to level crossings. Considering 
again the case TV = 4n + 2, there is no level crossing at 
$ = 0. The leading mcsoscopic behavior of the PC is 
then 7($,0) = -D c <t>/L + 0{^ 3 /L 3 ), where D c is the 
charge stiffness. This holds on general grounds, inde- 
pendent of whether the model is integrable or not. To 
determine the charge stiffness, however, we only need to 
consider the state which evolves adiabatically pj| from 
the ground state at / = 0, specified above, as $ is in- 
creased. Thus the above result for /(<&, 0) is seen to hold 
for small values of <E» / <E»o as well. 

Our result for the AB PC suggests that spin-charge 
separation holds generically at the mesoscopic scale of 
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this system. The phase shift acquired by scattering off 
the dot in the even parity channel affects only the spin 



content of an incoming electron |20|, but not the charge 
which contributes to the PC. This may explain why our 
result for a ring is different from that obtained for a 
sidebranch dot connected to an open quantum wire Q : 
there it was found that the ir/2 phase shift due to the 
Kondo resonance suppresses the transmission completely. 
However, in an open system where single electrons can 
be added and subtracted (via a source and drain), the 
holons and spinons - which are the relevant low-energy 
degrees of freedom in the correlated BA basis - have to 
be recombined in such a way as to mimic single-electron 
excitations, and this makes the transmission susceptible 
to spinon scattering |2^,^|. No such constraint is ex- 
pected to apply to a correlated closed system, and the 
AB PC - carried by the holons - can flow unperturbed by 
scattering events in the spin sector. 

What then happens to the PC due to a spin- dependent 
AC flux? Although dynamical spin-charge separation 
still holds at the integrable points — as is evident from the 
one-dimensional Kondo Hamiltonian in (^) — the spin- 
dependent phase induced by the AC flux may now carry 
information from the spin sector into the charge sec- 
tor, hence affecting the PC. The analysis of the BAE 
in the case of general spin-dependent fluxes (however, 
still satisfying <j) a — f a ir with f a an integer) is more in- 
volved. However, in the strong-coupling limit c — > oo 
and with a pure AC flux (i.e. with /j = — /j, = /) 
we can still obtain an analytic solution. For this case, 



6»(2A n 



#(2A 7 ) in the BAE, and one may al- 



gebraically solve for the excess numbers, 
cializing to the case 2N C — 2N Q 



N 



Again spe- 
4n + 2 with 



M, 



o/o = (-We/o ± f )/2, we obtain 



ev-p 



1(0, r) =2^.- _ 



OO. 



(8) 



Since vf ~ N a , the current 1(0, r) is independent of the 
number of electrons in the ring, and only depends on the 
charge density r and the ring's circumference L. Eq. (|^) 
is to be compared to the case of an ideal ring with an 
equal number of up- and down-spin electrons, for which 
case there is no AC PC ETA. This is easily verified in the 
present formalism by simply removing the quantum dot 
scattering term 6>(2A 7 ) from the BAE. Solving for the PC 
one obtains I(0,t) = —(2eVF / L)(t/tq)(N~ 1 — N^ 1 ) = 0. 

The result in (m strikingly exhibits the nondynamical 
nature of the AC effect: In the strong-coupling limit the 
dot effectively screens the spin content of an electron, and 
via the AC boundary condition this causes the charge of 
an electron in the even parity, right-moving sector to get 
trapped. It is crucial to realize that this happens in the 
absence of any interaction term in the Hamiltonian con- 
taining the charge density. As a result, the numbers of 
current carrying states on the right and left branches be- 
come unbalanced, leading to a net AC persistent current. 



In conclusion, we have shown how a one-dimensional 
mesoscopic ring of free electrons coupled by a tunnel 
junction to a quantum dot at a Kondo resonance can be 
described by an exactly solvable model for certain privi- 
leged values of the Aharonov-Bohm-Casher fluxes pierc- 
ing the ring. This allows for an exact nonperturbative 
analysis of the relevant physics, in particular how the 
PC is influenced by a Kondo resonance. 
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